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✶✳ Pr✐♠❡♥♦♠ ❑♦①✐✲❳✈❛r❝♦✈❡ ♥❡❥❡❞♥❛❦♦st✐ ✐♠❛♠♦ s❧❡❞❡✎✉ ♥❡❥❡❞♥❛❦♦st

(a(9bc+ 1) + b(9ac+ 1) + c(9ab+ 1))
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> (a+ b+ c)2.

❖❞❛✈❞❡ s❧❡❞✐
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.

Pr✐♠❡♥♦♠ ♥❡❥❡❞♥❛❦♦st✐ ✐③♠❡✍✉ ❛r✐t♠❡t✐q❦❡ ✐ ❣❡♦♠❡tr✐❥s❦❡ ♥❡❥❡❞♥❛❦♦st✐ ✐♠❛♠♦

(a+ b+ c)3 > (3
3
√
abc)3 = 27abc,

♣❛ ③❛❦✠✉q✉❥❡♠♦

(a+ b+ c)3 + a+ b+ c > 27abc+ a+ b+ c.

❙❛❞❛ ❞♦❜✐❥❛♠♦ ♥❡❥❡❞♥❛❦♦st

(a+ b+ c)2

27abc+ a+ b+ c
>

(a+ b+ c)2

(a+ b+ c)3 + a+ b+ c
,

♣❛✱ ❦♦r✐st❡✎✐ ♣r❡t❤♦❞♥♦ ❞♦❜✐❥❡♥❡ ♥❡❥❡❞♥❛❦♦st✐✱ s❧❡❞✐ tr❛✙❡♥❛ ♥❡❥❡❞♥❛❦♦st

a

9bc+ 1
+

b
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+

c

9ab+ 1
>

a+ b+ c

1 + (a+ b+ c)2
.

❱✐❞✐♠♦ ❞❛ ❥❡❞♥❛❦♦st ✈❛✙✐ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ a = b = c✱ ❥❡r t❛❞❛ ✈❛✙✐ ❥❡❞♥❛❦♦st ✉ ♥❡❥❡❞♥❛❦♦st✐ ✐③♠❡✍✉

❛r✐t♠❡t✐q❦❡ ✐ ❣❡♦♠❡tr✐❥s❦❡ sr❡❞✐♥❡✱ ❛ ♣r♦✈❡r♦♠ ❞♦❜✐❥❛♠♦ ❞❛ s✉ ♦❜❛ ✐③r❛③❛ ❥❡❞♥❛❦❛ ③❛ a = b = c✳

✷✳ Pr✐♠❡t✐♠♦ ❞❛ ❥❡ x ♥❡♣❛r❛♥ ❜r♦❥✳ ❆❦♦ ❥❡ y > 3✱ t❛❞❛ ♣♦ ♠♦❞✉❧✉ ✽ ✐♠❛♠♦

1 ≡ x2 ≡ 5z (mod 8),

♣❛ ❥❡ z ♣❛r❛♥ ❜r♦❥✳ ◆❛♣✐①✐♠♦ z = 2z1✱ ③❛ ♥❡❦♦ z1 ∈ N✳ ❚❛❞❛ ♠♦✙❡♠♦ r❛st❛✈✐t✐ ♥❛ q✐♥✐♦❝❡

(x− 2021z1)(x+ 2021z1) = 2y.

❖③♥❛q✐♠♦ s❛ d ♥❛❥✈❡✎✐ ③❛❥❡❞♥✐q❦✐ ❞❡❧✐❧❛❝ ❜r♦❥❡✈❛ x − 2021z1 ✐ x + 2021z1 ✳ ❚❛❞❛ d | 2 · 2021z1 ✐ d | 2y✱
♦❞❛❦❧❡ d | 2✱ ❛ ♣♦①t♦ s✉ ♦❜❛ ❜r♦❥❛ ♥❡♣❛r♥❛✱ s❧❡❞✐ d = 2✳ ❖❞❛✈❞❡ ③❛❦✠✉q✉❥❡♠♦ ❞❛ ♠♦r❛ ❜✐t✐ x− 2021z1 = 2
✐ x+ 2021z1 = 2y−1✱ ♣❛ ♦❞✉③✐♠❛✟❡♠ ❞♦❜✐❥❛♠♦

2021z1 = 2y−2 − 1.

❆❦♦ ❥❡ y > 4✱ t❛❞❛ ❞♦❜✐❥❛♠♦ ❦♦♥tr❛❞✐❦❝✐❥✉ ♣♦ ♠♦❞✉❧✉ ✹

1 ≡ 2021z1 = 2y−2 − 1 ≡ −1 (mod 4).

❆❧✐ y > 13✱ ❥❡r 210 − 1 < 2021✱ ♣❛ ✉ ♦✈♦♠ s❧✉q❛❥✉ ♥❡♠❛ r❡①❡✟❛✳

❆❦♦ ❥❡ y = 1✱ t❛❞❛ 2021z + 2 ♥❡ ♠♦✙❡ ❜✐t✐ ❦✈❛❞r❛t ❥❡r ❞❛❥❡ ♦st❛t❛❦ ✸ ♣r✐ ❞❡✠❡✟✉ s❛ ✺✱ ♣❛ ♥✐ ✉ ♦✈♦♠

s❧✉q❛❥✉ ♥❡♠❛ r❡①❡✟❛✳

Pr❡♦st❛❥❡ s❧✉q❛❥ y = 2✳ ❚❛❞❛ ✐♠❛♠♦ r❛③❧✐❦✉ ❦✈❛❞r❛t❛

(x− 2)(x+ 2) = 2021z.

P♦①t♦ s✉ x − 2 ✐ x + 2 ♥❡♣❛r♥✐ ❜r♦❥❡✈✐ ❦♦❥✐ s❡ r❛③❧✐❦✉❥✉ ③❛ ✹✱ ♦♥✐ s✉ ✉③❛❥❛♠♥♦ ♣r♦st✐✱ ♣❛ r❛③❧✐❦✉❥❡♠♦

s❧❡❞❡✎❛ ❞✈❛ s❧✉q❛❥❛✳



✭✶✮ x− 2 = 1✱ x+ 2 = 2021z✱ ♣❛ x = 3✱ ❛ t♦ ❥❡ ♥❡♠♦❣✉✎❡ ③❜♦❣ ❞r✉❣❡ ❥❡❞♥❛q✐♥❡✳

✭✷✮ x− 2 = 43z✱ x+ 2 = 47z✱ ♦❞❛❦❧❡ s❧❡❞✐ 47z − 43z = 4✳ ❆❦♦ ❥❡ z > 1✱ t❛❞❛

47z − 43z = 4(47z−1 + · · ·+ 43z−1) > 4,

♣❛ ♠♦r❛ ❜✐t✐ z = 1✱ ♦❞❛❦❧❡ ❞❛✠❡ ❞♦❜✐❥❛♠♦ ❥❡❞✐♥♦ r❡①❡✟❡ x = 45✱ y = 2✱ z = 1✳

✸✳ Pr✈✐ ✐❣r❛q ♣♦❜❡✍✉❥❡ ❛❦♦ ❥❡ n > 3 ♥❡♣❛r❛♥✱ ❞♦❦ ❉r✉❣✐ ✐❣r❛q ♣♦❜❡✍✉❥❡ ✉ ♦st❛❧✐♠ s❧✉q❛❥❡✈✐♠❛✳

❆❦♦ ❥❡ n = 2k ♣❛r❛♥✱ ♣♦❞❡❧✐♠♦ t❡♠❡♥❛ ♠♥♦❣♦✉❣❧❛ A1A2 . . . A2k−1A2k ✉ ✉③❛st♦♣♥❡ ♣❛r♦✈❡ {A1, A2}, . . . ,
{A2k−1, A2k}✳ ❉r✉❣✐ ✐❣r❛q ✐❣r❛ t❛❦♦ ①t♦ ✉ ♣r❡♦st❛❧♦♠ t❡♠❡♥✉ ♦♥♦❣ ♣❛r❛ t❡♠❡♥❛ ❦♦❥✐ ❥❡ Pr✈✐ ✐❣r❛q

✉♣r❛✈♦ ♦❞❛❜r❛♦✱ ✉♣✐①❡ s✉♣r♦t❛♥ ❜r♦❥ ♦❞ ♦♥♦❣ ❦♦❥✐ ❥❡ Pr✈✐ ✐❣r❛q ✉♣✐s❛♦✳ Pr❡❝✐③♥✐❥❡✱ ❛❦♦ Pr✈✐ ✐❣r❛q

✉♣✐①❡ ❜r♦❥ i ✉ t❡♠❡ A2j−1✱ ♦♥❞❛ ❉r✉❣✐ ✉♣✐s✉❥❡ 1− i ✉ A2j ❀ ❛❦♦ Pr✈✐ ✐❣r❛q ✉♣✐①❡ ❜r♦❥ i ✉ t❡♠❡ A2j ✱ ♦♥❞❛

❉r✉❣✐ ✉♣✐s✉❥❡ 1− i ✉ t❡♠❡ A2j−1✳ ❚❛❞❛ ❥❡ ③❜✐r ❜r♦❥❡✈❛ ✉ s✈❛❦❛ tr✐ ✉③❛st♦♣♥❛ t❡♠❡♥❛ ♠♥♦❣♦✉❣❧❛ ❥❡❞♥❛❦ ✶

✐❧✐ ✷ ❥❡r t❛❥ tr♦✉❣❛♦ s❛❞r✙✐ t❛q♥♦ ❥❡❞❛♥ ♣❛r ♦❞❛❜r❛♥✐❤ t❡♠❡♥❛ ✉ ❦♦❥✐♠❛ ❥❡ ③❜✐r ❜r♦❥❡✈❛ ✶✳ ❉r✉❣✐ ✐❣r❛q

♦✈♦♠ str❛t❡❣✐❥♦♠ ♣♦❜❡✍✉❥❡✳

❯ ♦st❛❧✐♠ s❧✉q❛❥❡✈✐♠❛ ♣♦❜❡✍✉❥❡ Pr✈✐ ✐❣r❛q✳ Pr❡t♣♦st❛✈✐♠♦✱ ❜❡③ ✉♠❛✟❡✟❛ ♦♣①t♦st✐✱ ❞❛ ❥❡ Pr✈✐ ✐❣r❛q ✉

♣r✈♦♠ ♣♦t❡③✉ ✉♣✐s❛♦ ❜r♦❥ ✵ ✉ t❡♠❡ A1✳ ❆❦♦ ❉r✉❣✐ ✐❣r❛q ♥❡ ✉♣✐①❡ ✶ ✉ t❡♠❡ A2 ✐❧✐ An✱ ♦♥❞❛ Pr✈✐ ✐❣r❛q

❜r③♦ ♣♦❜❡✍✉❥❡✳ ❩❛✐st❛✱ ✉ ❜❛r ❥❡❞♥♦♠ ♦❞ t❡♠❡♥❛ A3 ✐ An−1 ♥✐❥❡ ✉♣✐s❛♥ ❜r♦❥ ♥❛❦♦♥ ♣r✈♦❣ ♣♦t❡③❛ ❉r✉❣♦❣

✐❣r❛q❛✱ ♣r❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ ✉ ♣✐t❛✟✉ A3✳ Pr✈✐ ✐❣r❛q ✉♣✐s✉❥❡ ✵ ✉ t❡♠❡ A2 ✭❛❦♦ ❥❡ t♦ ✈❡✎ ✉r❛❞✐♦ ❉r✉❣✐

✐❣r❛q✱ ♦♥❞❛ Pr✈✐ ♣♦❜❡✍✉❥❡ ✉♣✐s✐✈❛✟❡♠ ✵ ✉ t❡♠❡ A3✮✳ ❆❦♦ ❥❡ ❉r✉❣✐ ✐❣r❛q ✉♣✐s❛♦ ✵ ✉ t❡♠❡ An✱ t♦ ❥❡ ✈❡✎

♣♦❜❡❞❛ ③❛ Pr✈♦❣ ✐❣r❛q❛✱ ❛ ✉ s✉♣r♦t♥♦♠ ♣♦✠❡ An ❥❡ ♣r❛③♥♦✱ ❦❛♦ ✐ ♣♦✠❡ A3✳ ◆❛❦♦♥ ❜✐❧♦ ❦♦❣ ♣♦t❡③❛ ❉r✉❣♦❣

✐❣r❛q❛✱ Pr✈✐ ✐❣r❛q ♣♦❜❡✍✉❥❡ t❛❦♦ ①t♦ ✉♣✐s✉❥❡ ✵ ✉ ❥❡❞♥♦ ♦❞ ❞✈❛ t❡♠❡♥❛ A3 ✐❧✐ An ❣❞❡ ♥✐❥❡ ✉♣✐s❛♥♦ ♥✐①t❛

❞♦ t❛❞❛✳

◆❛ ❞❛✠❡✱ ♣r❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ ❉r✉❣✐ ✐❣r❛q ✉♣✐s❛♦ ❜r♦❥ ✶ ✉ ♣♦✠❡ A2 ✭s✐♠❡tr✐q♥♦ s❡ ✐❣r❛ ③❛ An✮✳

❆❦♦ ❥❡ n = 4k + 1 > 5✱ ♦♥❞❛ Pr✈✐ ✐❣r❛q ❞♦❜✐❥❛ ♥❛ s❧❡❞❡✎✐ ♥❛q✐♥✳ Pr✈✐ ✐❣r❛q ✉ t❡♠❡ A4i−1 ✉♣✐s✉❥❡ ❜r♦❥

✶✱ ❛ ✉ t❡♠❡ A4i+1 ✉♣✐s✉❥❡ ❜r♦❥ ✵✱ ③❛ s✈❛❦♦ 1 6 i 6 k✳ ❱✐❞✐♠♦ ❞❛ ❉r✉❣✐ ✐❣r❛q ♠♦r❛ ❢♦rs✐r❛♥♦ ❞❛ ✐❣r❛

t❛❦♦ ①t♦ ✉♣✐s✉❥❡ ❜r♦❥ ✵ ✉ t❡♠❡♥❛ A4i✱ ③❛ 1 6 i 6 k✱ ✐ ✶ ✉ t❡♠❡♥❛ A4i+2✱ ③❛ 1 6 i 6 k − 1✳ ❆❦♦ t♦ ♥❡ ✉r❛❞✐✱

❣✉❜✐✱ ❥❡r Pr✈✐ ✐❣r❛q ♦♥❞❛ ✉♣✐s✉❥❡ ✉ tr✐ ✉③❛st♦♣♥❛ t❡♠❡♥❛ ✐st✐ ❜r♦❥✱ ❞❛❦❧❡ ③❜✐r ❞❡✠✐✈ s❛ ✸✳ ▼❡✍✉t✐♠✱

♥❛ ❦r❛❥✉ ✐❣r❡✱ ✉ t❡♠❡♥✐♠❛ A1✱ A4k+1 ✐ A4k ❥❡ ❜r♦❥ ✵✱ t❛❦♦ ❞❛ Pr✈✐ ✐❣r❛q ♣♦❜❡✍✉❥❡✳

❆❦♦ ❥❡ n = 4k + 3 > 7✱ ♦♥❞❛ Pr✈✐ ✐❣r❛q ❞♦❜✐❥❛ ♥❛ s❧❡❞❡✎✐ ♥❛q✐♥✳ ■❣r❛ s❡ ♦❞✈✐❥❛ ♥❛ ✐st✐ ♥❛q✐♥ ❦❛♦ ✉

♣r❡t❤♦❞♥♦♠ s❧✉q❛❥✉✱ s✈❡ ❞♦ ♣r❡t♣♦s❧❡❞✟❡ r✉♥❞❡ ♣♦t❡③❛✳ Pr❡t♣♦st❛✈✐♠♦ ❞❛ s✉ ❞♦ s❛❞❛ ✉♣✐s❛♥✐ ❜r♦❥❡✈✐

✉ t❡♠❡♥✐♠❛ A1, . . . , A4k ❦❛♦ ✐ ✉ ♣r❡t❤♦❞♥♦♠ s❧✉q❛❥✉✱ ✉ s✉♣r♦t♥♦♠ ❥❡ Pr✈✐ ✐❣r❛q ✈❡✎ ♠♦❣❛♦ ❞❛ ♣♦❜❡❞✐✳ ❯

t❡♠❡♥✐♠❛ A1 ✐ A4k ❥❡ ✉♣✐s❛♥ ❜r♦❥ ✵✱ ❞♦❦ ✉ t❡♠❡♥✐♠❛ A4k+1, A4k+2, A4k+3 ♥✐s✉ ✉♣✐s❛♥✐ ❜r♦❥❡✈✐✳ ❙❛❞❛ Pr✈✐

✐❣r❛q ✉♣✐s✉❥❡ ✉ t❡♠❡ A4k+2 ❜r♦❥ ✵ ✐ ♣♦❜❡✍✉❥❡ ✉ ♥❛r❡❞♥♦♠ ♣♦t❡③✉✱ ✉♣✐s✉❥✉✎✐ ❜r♦❥ ✵ ✉ ♣r❡♦st❛❧♦ t❡♠❡ ❦♦❥❡

♥❡ ♦❞❛❜❡r❡ ❉r✉❣✐ ✐❣r❛q✳

Pr❡♠❛ t♦♠❡✱ ③❛ n = 2019 ✐ n = 2021 ♣♦❜❡✍✉❥❡ Pr✈✐ ✐❣r❛q✱ ❞♦❦ ③❛ n = 2020 ♣♦❜❡✍✉❥❡ ❉r✉❣✐✳

✹✳ ❉♦❦❛✙✐♠♦ ♣r✈♦ ❞❛ ❥❡ OP = OQ✳ ◆❡❦❛ ♣r❛✈❛ ❦♦❥❛ s❛❞r✙✐ sr❡❞✐①t❡ K ❞✉✙✐ AH ✐ ♥♦r♠❛❧♥❛ ❥❡ ♥❛ OK

s❡q❡ str❛♥✐❝❡ AB ✐ AC r❡❞♦♠ ✉ t❛q❦❛♠❛ P ′ ✐ Q′✳ ❖③♥❛q✐♠♦ s❛ M ✐ N r❡❞♦♠ sr❡❞✐①t❛ str❛♥✐❝❛ AB ✐

AC✳ ❩❜♦❣

∡OMP ′ = ∡OKP ′ = 90◦, ∡ONQ′ = ∡OKQ′ = 90◦,

q❡t✈♦r♦✉❣❧♦✈✐ OMP ′K ✐ ONQ′K s✉ t❡t✐✈♥✐✳ ❑❛❦♦ s✉ ❞✉✙✐ MK ✐ NK sr❡❞✟❡ ❧✐♥✐❥❡ ✉ tr♦✉❣❧♦✈✐♠❛

ABH ✐ ACH✱ ✈❛✙✐ MK k BH✱ NK k CH✱ t❥✳ MK ⊥ AC✱ NK ⊥ AB✱ ♣❛ ❥❡

∡OP ′K = ∡OMK = ∡BAC, ∡OQ′K = ∡ONK = ∡BAC.

Pr❡♠❛ t♦♠❡✱ tr♦✉❣❛♦ OP ′Q′ ❥❡ ❥❡❞♥❛❦♦❦r❛❦ ✐ K ❥❡ sr❡❞✐①t❡ ❞✉✙✐ P ′Q′✱ ♣❛ ❥❡ AP ′HQ′ ♣❛r❛❧❡❧♦❣r❛♠ ❥❡r

♠✉ s❡ ❞✐❥❛❣♦♥❛❧❡ ♣♦❧♦✈❡✱ ♦❞❛❦❧❡ ❥❡ P ≡ P ′✱ Q ≡ Q′✳

Pr✐♠❡t✐♠♦✱ ❞❛✠❡✱ ❞❛ s✉ ♣r❛✈♦✉❣❧✐ tr♦✉❣❧♦✈✐ BPH✱ CQH ✐ OPK s❧✐q♥✐✱ ♦❞❛❦❧❡ ❥❡

BH

OK
=

PH

PK
=

BP

OP
,

CH

OK
=

QH

QK
=

CQ

OQ
.

❑♦r✐st❡✎✐ ♦✈❡ ♦❞♥♦s❡ ✐ ♦q✐❣❧❡❞♥❡ ❥❡❞♥❛❦♦st✐ PK = QK = PQ
2
✱ AP = QH✱ AQ = PH✱ ♦❞♠❛❤ ❞♦❜✐❥❛♠♦ ❞❛

✈❛✙✐
PB · PQ

QA ·QO
=

QC · PQ

PA · PO
= 2.


