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Rhodes, Hellas (April 28, 2007)

Problem 3. Find all positive integers n such that there is a permutation ¢ of the

set {1,2,...,n}, for which \/0(1) + \/0(2) +4/... + \/o(n) is a rational number.

Note: A permutation of the set {1,2,...,n} is a one-to-one function of this set
to itself.

Solution. For some n € N, let \/0(1) + \/0(2) +4/... +/o(n) =r; € Q. Squar-
ing both sides of the equation we get that \/0(2) + \/0(3) +4/... +/o(n) is also

rational. Using the same reasoning recursively, we get that for every k € {1,...,n},

\/a(k:) + \/J(k +1)+4/... + y/o(n) is rational as well. Knowing that the square

root of a positive integer is either integer or irrational, we have that y/o(n) is in-

teger. Similarly, we get that \/a(k) + \/U(k +1)+4/... + /o(n), for every k €
{1,...,n}, is integer. Note that for k = 1 we get , € N.

We define ay as a, = \/n+\/n+\/...—|—\/ﬁ, for all £ > 1. It is easy to

k
prove by induction that ap < /n + 1, for every k& > 1. Therefore, we have

\/ \/ m<an<\/_+1 implying 71 < /n + 1.

Let ¢ be the positive integer that satisfies 2 < n < (¢/+1)%. Forsomei, 1 < i < n,
we have o (i) = (2. We distinguish two cases:

First case: i # n.

Themvvehave€<\/€2 \/ i+1) .o ()<\/_+1<€+2 implying



\/ﬁ2 + \/a(z' +1)+ /... + y/o(n) = £+ 1. But then it follows that

2€+1—\/a(i—l—l)—i—\/...—l—\/a(n)<\/ﬁ+1<€—|—2,

giving ¢ < 1. A contradiction.

Second case: 1 = n.

For ¢ > 1, /% — 1 belongs to the set {o(1),...,0(n — 1)}. Let j < n be such that
o(j) = ¢? — 1. Similarly to the first case, we have

€<\/62—1+\/a(j+1)+\/...+\/€_2<\/ﬁ+1<€+2,

implying \/62—1+\/0(j—|—1)+\/...—|—\/€_2:€—|—1,and

2£+2:\/a(j+1)+\/...+\/£_2<\/ﬁ+1<£+2,

a contradiction.
If ¢ =1, then n € {1,2,3}. Checking through all the possibilities, it is easy to see
that for n = 1 and n = 3 there exist permutations that satisfy the initial condition.

Namely, for n = 1 we have v/1 = 1, and for n = 3, we have \/2+ V3 + V1 = 2.
For n = 2 there is no such permutation.




